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Abstract. For weighted Toeplitz operators defined on spaces 
of holomorphic functions in the unit ball, we derive regularity prop- 
erties of the solutions / to the integral equation T^{f) = h in 
terms of the regularity of the symbol tp and the data h. As an 
application, we deduce that if / ^ is a function in the Hardy 
space H 1 such that its argument /// is in a Lipschitz space on the 
unit sphere S, then / is also in the same Lipschitz space, extending 
a result of K. Dyakonov to several complex variables. 



1. Introduction 

The goal of this paper is to study the regularity of solutions to certain 
equations related to weighted Toeplitz operators in several complex 
variables. 

We will start by stating some particular cases of the main results in 
this paper, which involve classical spaces and integral operators and 
illustrate the object of this paper, although they can be applied in a 
more general setting. 

Let B denote the open unit ball in C n and § its boundary. In the 
one variable setting (n = 1), B and S will also be denoted by © and 
T, respectively. For any r > 0, A r = A T (S) is the classical Lipschitz- 
Zygmund space on S. 

If ip G A r , we consider the Toeplitz operator %p : H 1 — > H 1 , defined 
by Tip(f)(z) := V((pf)(z), where V is the Cauchy projection, given by 

W)W := / J { % n M0 (V G L\S)). 

Here da denotes the normalized Lebesgue measure on §. We point out 
that Ttp maps H 1 to itself because tp G A r . 
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For this scale of Lispchitz spaces we prove the following result: 

Theorem 1.1. Let r > and (p £ A T be a non-vanishing function on 
S. If ft H 1 and %(f) £ A T , then f £ A T . 

This result extends [7J Theorem 3.1], which deals with the case n — 1 
and the regularity of the solutions to the equation T v (f) = 0. 

We remark that if we drop the condition ^ y?(§), then Theorem 
11.11 is not true in general. Indeed, we only need to consider the symbol 
(p(Q = (1 - Ci) T and the function /(C) = (1 - Ci)~ T with < r < n 
(to ensure that / £ H 1 ). 

As in the one variable case (see [7]), the above theorem implies some 
interesting properties of the holomorphic Lipschitz functions. For in- 
stance, 

Corollary 1.2. If f E H 1 , ip £ A T; such that ^ <p(S) and <pf £ 
A r + kerP C L l ($), then f £ A r . 

In particular, we have: 

Corollary 1.3. If f £ H 1 \ {0} and its argument function tp = f/f is 
in A T , then f £ A r . 

The preceding corollary is proved in [7J for n = 1. 

In this paper we prove the above results and extend them to weighted 
Toeplitz operators associated to more general symbols. 

We will denote by T T = r r (§), r > 0, the Lipschitz- Zygmund space 
on § with respect to the pseudodistance d((,rj) = \1 — (r]\ (see Sub- 
section 12.31 for precise definitions). Since |1 — (r]\ < \( — r]\, it is 
clear that T T is a subspace of A r . For a positive integer k, and real 
numbers < r < r < k, < t < 1/2, we will consider spaces 
Gl° k (M) C A ro (B) nC k {M), whose restrictions to § contain the space T T , 
and also the space A r , for r > 1/2. Moreover, they satisfy that their 
intersection with the space H = H(M) of holomorphic functions on B, 
coincides with the Lipschitz-Zygmund space of holomorphic functions 
on B, denoted by B^°. These holomorphic spaces are character- 
ized in terms of the growth of the derivatives (see Subsection 12.31 for a 
precise definition and their main properties). 

For N > 0, let dv^{z) := Cn(1 — \z\ 2 ) N ~ 1 dv{z), where v is the 
Lebesgue measure on B and c^ = ^ ; rr(jy) ' so ^ na ^ ^(Ej) = 1- Let 
L l N := L 1 (5, dv^) and consider the weighted Bergman projection V N : 
L\j — > H defined by 
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Let B\ N := L^DH and for ip G L°°(B), define the weighted Toeplitz 
operator : B\ N -+H by T»(f) ■= V N (<pf). Since lim N ^ V N W = 
V(ip) (see [31 §0.3]), we extend these definitions to iV = 0, by V° = V 
and = %pi <p G L°°(§). In these cases, the operators are defined on 
L x (§) and H 1 , respectively. 

The next two theorems are the main results of this paper. 

Theorem 1.4. Let <p G G T ° k such that ^ </?(S). /// G -Bijy satisfies 
T»{f) = he B™, then f G and ||/|| B?0 < C (\\f\\ B i_ N + \\h\\ B ^, 
where C > is a finite constant only depending on tp, N > and n. 
In particular, ||/||b« < C||/|| B i^, /or any / G ker 7^. 

The corresponding statement for the case N = is: 

Theorem 1.5. Lei <y? 6e the restriction to § of a function in G^° k and 
let f G H l . If0$ <p(S) and %{f) = h G B™ , then f G B°° and 
< C (W/Wh 1 + ||^||b°°)j where C > is a finite constant only 
depending on <p and n. In particular, < CH/Hi/ 1 * f or an U f £ 

ker T v . 

The preceding theorem was proved in [TJ Theorem 3.1] for n = 1, 
<y? G A T and fa = 0. 

Note that the inequalities in the above theorems are in fact equiv- 
alences due to the continuity of both the Toeplitz operator and the 
embeddings B™ C H l C B X _ N . 

For t > 1/2, the restriction to § of G T ° k contains the space A T , 
hence Theorem 11.51 includes the result of Theorem 11.11 for these cases. 
However, the same techniques used to prove the above theorems allow 
us to extend this result to the whole scale of spaces A T . 

Corollary 1.6. If either f G B\ N , for N > 0, or f G H 1 and N = 0, 

if G G T ^ k , i ip(S) and ipf G G T ° k + kerV N , then /eB r °°. 

In particular if g G H 1 , then g — g(0) G ker V, and therefore we have: 
Corollary 1.7. If f, g G H 1 satisfy <p = g/f G T T and ^ y(S), then 

The preceding result generalizes Corollary II .'S\ and extends Corol- 
lary 3.2] to dimension n > 1. 

The paper is organized as follows. In Section 2 we state some proper- 
ties of spaces considered in this paper and we also recall some integral 
representation formulas used in the proof of the main theorems. 

In Section 3 we state our main technical theorem (Theorem 13. ip 
from which we deduce Theorems 11.41 and 11.51 and its corollaries. We 
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also construct some counterexamples. Finally, Theorem 13.11 is proved 
in Section 4. 

2. Preliminaries 

2.1. Notations. Throughout the paper, the letter C will denote a 
positive constant, which may vary from place to place. The notation 
f(z) < g(z) means that there exists C > 0, which does not depend 
on z, f and g, such that f(z) < Cg(z). We write f(z) ~ g(z) when 
f(z) <g(z) and g(z)<f(z). 

Let dj := for j = l,...,n. For any multiindex a, i.e. a = 
(«!,-•• , a n ) G N", where N is the set of non-negative integers, let 
l"l : = EJ=i«j and 5 « : = IS = d T---dn n - We write := 

E|a|=fcl 9 aVl alld : = E| a |+|0|=fcl^W- Wnen H. > 1, W6 also 

consider the complex tangential differential operators D^j := Zidj — Zjdi 
and |9t<^| : = yj l^jjV 9 !- F° r ^ = 1, we write |&r<p| := 0. 

l<i<j'<n 

We also introduce the following two functions which will be used in 
the definition of the spaces G T ° k . 
For (f G C\M) , let 

(2.1) ftz) := (1 - \z\ 2 )\d<p(z)\ + (1 - \z\ 2 f' 2 \dMz)\. 

For t G R, let be the function on B defined by 

(1 - | 2 | 2 ) min (*-°), ift^O, 



(2.2) Lo t (z) :-- 



log^, ift = 0. 



2.2. Holomorphic Besov spaces. Let 1 < p < oo, fceN and S > 0. 
The weighted Sobolev space s is the completion of the space C°°(B), 
endowed with the norm 

k 

k. := { E / i^wi p (i - ki 2 )*- 1 ^)} 17 ' 

i=0 "' B 

When = 0, we will just write L p 5 = L P Q5 . We extend this definition 
to the case p = oo, so that L k x> s is the subspace of functions ip in the 
Sobolev space L\ s+1 satisfying 

k 

If 1 < p < oo and seK, the holomorphic Besov space B P is defined 
to be B p := H D fc _ s , for some G N, k > s. It is well known that 
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|| • \\ l p and || • \\ l p are equivalent norms on B%, for any m, k G N, 
m,k > s. 

Note that if s = 0, then £?q° is the Bloch space and if s > then B^° 
coincides with the space of holomorphic functions on B whose boundary 
values are in the corresponding Lipschitz-Zygmund space A s (see the 
next subsection for the precise definitions of these last two spaces). 

Proposition 2.1 ([21 Theorems 5.13,14]). Let 1 < p < q < oo and let 

s,t £l. Then: 

(i) Ifs>t, then B p s C B\. 

(ii) For any e > 0, B% C H 1 C Bi e . 

(iii) If s -n/p = t- n/q, then B\ +n/pl cBfC B\ C S^ /p . 

2.3. The space G T \. In this section we define the spaces G T ° k and we 
state some of their main properties. 

Definition 2.2. Let < r < r, r < 1/2, and let k > t be an integer. 
The space G T ° k consists of all functions (p G C k (M) n C(B) satisfying 

,, .. v-^ |9V(- 2 )I £>(z) 

M G T ° := / SU P 7T + SUp- —pr— < OO, 

'* PJ *eB W T _y(«) 2 gB (1 - k| 2 ) T0 

Note that # n G T T \ = B™, and G T T ° k ■ L p s C Lj, since C L°°(B). 
The following embedding is a consequence of the definition of G T ° k 
and the fact that (1 — |z| 2 ) s < (1 — |,z| 2 )* and u s (z) < u t (z), if s > t. 

Lemma 2.3. G T ° k C G^° m , provided that $0 < t , d < r and m < k. 

In order to obtain multiplicative properties of the spaces G^° k , we 
first state some properties of the function uj t - 

Lemma 2.4. Let a, b G M. Then 

(i-\z\*ycj b (z)<(i-\z\*y, 

for every cGl such that c < a and c < a + b. 
Proof. Just note that 

(i-w 2 r^)={[;_p 2 j. logi= /, ;;^°}<(i-N 2 r, 

for every c G K such that c < a and c < a + b. ■ 

Lemma 2.5. Let i9, r > 0, G K and m G Z suc/i i/iai m > 0. T/ien 

m 
t=0 
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Proof. We estimate the different products u T +i-k as follows: 

• If i > k — r, then uj$-i u T+ i-k = < w^_ m , since $ — m < d — i. 

• If i < then u$-i w T +i-fc = ^r+i-k < ^r-k, since r — k < t + i — k. 

• If i > $ and % < k — r, then 

Utf-i(z)uJ T+i -k{z) = (1 - IzD^UV+i-fet^) < (1 - k|) T_fe = U T - k (z), 

by Lemma 12.41 since r — k < t — k + d = (d — i) + (r + 2 — k) and 
r - k < -i < < 0. 

• If i — i9 and i < k — t, then 

^(zK+^z) = (1 - |z|) T+i -*w (*) < (1 - kl) r ^' = W T -*(*), 
by Lemma 12.41 since r — k < t — k + d = r + i — k < 0. 

• li , d = i = k — t, then 

w#_j(z)u; T+ j_ fc (z) = w (» 2 < (1 - \z\) T ~ k = UJr-k(z), 
since t — k = —d < 0. ■ 
Proposition 2.6. 



/«» < ll^l| G -o l|V|| G ^ e Gl° k , ?peG. 



provided that $o < r , i9 < r and m < k. 
Proof. If a G N n , \a\ — I < m, then 



\d*(^)\ < \ d M^\zy\\ G \U\\ G »o sfj 

,8+7=0? 

< 



T, re (J > 



'i? . 771. 



since, by Lemma [231 S/^f ^ + w r _; < u^ t . 
On the other hand, 

^( Z ) < \<p(z)${z) + <p(zMz)\ < \\<p\y n\\ G » (1 - MY , 

and the proof is complete. ■ 

Our next goal is to show the connection between the spaces G T ° k and 
both the non-isotropic Lipschitz-Zygmund spaces T T and the classical 
Lipschitz-Zygmund spaces A T . 

If < r < 1, the classical Lipschitz-Zygmund space on S, A r = 
A T (S), with respect to the Euclidean metric consists of all the functions 
if G C(S) such that 

\m\A T ■= \m\oo + sup — - — - — < 00. 
eves \C-vv 
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If k is a positive integer and k < r < k + 1, then A T = A T (§) consists 
of all the functions <p G C k (B>) such that 

\\<P\\a t ■= IMIc* + ^2 ll^^/3^l|A T _ fe (S) < 00. 
|a|+|/8|=Jb 

When t is a positive integer, A T is defined analogously by using 
second order differences. The spaces A T (B) are defined in a similar 
way. 

The main properties of the spaces A r can be found, for instance, in 
the expository paper [§]. 

It is well known (see [SJ § 15]) that a continuous function (p is in A r 
if and only if, for some (any) integer k > r, its harmonic extension $ 
on B satisfies 

(2.3) sup(l - \z\ 2 ) k - T \d k ${z)\ < oo. 

We recall that if (12.31) holds for some function (p G C k (M), then 
<p e A T (B) (see Theorem 15.7]). 

This fact and the estimate Idy 9 !- 2 )! < |M|g t o (1 ~~ |-2| 2 ) Tf,_1 give 

Proposition 2.7. C A T0 (B) . 

We also consider the Lipschitz-Zygmund space on § with respect to 
the pseudodistance d((,r]) — |1 — ^77 1, which is denoted by T r (S). If 
< r < 1/2, this space is defined just as A T but replacing the Euclidean 
distance \( — 77 1 by d((, if). For values r > 1/2 the definition is given in 
terms of Lipschitz conditions of certain complex tangential derivatives 
(see [H pp. 670-1] and the references therein for the precise definitions 
and main properties). 

We recall that if / G H(M) has boundary values /*, then /* in A T , if 
and only if /* G T T (see [13] or [TJl §6.4] or [TTJ], §8.8] and the references 
therein. See also [U pp. 670-1]). If < r < n, the functions in T T can 
be described in terms of their invariant harmonic extensions. In this 
case, we have that p is in T T if and only if, for some (any) integer 
k > r, its invariant harmonic extension $ on B satisfies (I2.3p . This 
characterization fails to be true when r > n (see 0, Chapter 6] for 
more details). Similarly to what happens in the holomorphic case, the 
complex tangential derivatives of the functions in the space T T are more 
regular, in the sense that V^ip G T T _i/ 2 for i,j — l,...,n. 

The next results relate the spaces A T and IV to G T ° k . 

Proposition 2.8. 

a) If n = 1 then the harmonic extension of a function in A T belongs to 
any space G T ° k . 
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b) If n > 1 and r > 1/2 then every (p G A T is the restriction of a 
function $ G Namely, for any integer k > r, the harmonic 

extension $ of (p satisfies that: 

• $ G G T T ~ k 1/2 , when 1/2 < r < 1. 

• $ G G T ° k , for any < r < 1/2, when r > 1. 

Corollary 2.9. // either n = 1 or n > 1 and r > 1/2, then every 
if G A r is the restriction of a function $ G G> fc , for some < r and 
/or any integer k. 

Proposition 2.10. Ifn>l,0<r<n and if G T T , then, for any 
integer k > r, its invariant harmonic extension $ satisfies that: 

• $ G G T Tk , when < r < 1/2. 

• $ G G\ a k , for any < r < 1/2, when r > 1/2. 

Corollary 2.11. Every ip G T r; r > 0, zs t/ie restriction of a function 
$ G G>° fc , /or some < To and for any integer k. 

2.4. Representation formulas and estimates. In this subsection 
we recall some well-known results on the integral representation for- 
mulas obtained in [6]. 

We begin by introducing the following nonnegative integral kernels 
and their corresponding integral operators. 

Definition 2.12. Let N,M,L el such that N > and L <n. Then 

(1 - \w\ 2 ) N ~ 1 

^m,l(w, z) := _ -r, (z, w G B, z/to), 



where D(w, z) := \l — wz\—(l — \w\)(l — \z\). The associated integral 
operator is also denoted by /Cff L : 

^m.lOXX) : = / ^ >L {w,z)ij){w)dv{w). 
Jb 

Note that D(w,z) — \(w — z)z\ 2 + (1 — |-2| 2 )|w — z\ 2 , so, for every 
z G B such that 1 — |z| 2 > 5 > 0, we have that 

(2.4) K^K^I ^"tt-i ^ !™ " 1 ^ £ " m//o 
v ' M ' hK ' 7 [ (1 - \w\ 2 ) N , if \w - z\ > (1 - \z\)/2. 

Theorem 2.13 ([6J). Let N > 0. T/ien every function ip G C 1 
decomposes as 

(2.5) V = ^ JV W + /C 7V (^), 
w/iere 

K N {d^){z) := [ ]C N {w,z)Ad^{w) 
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and K, N (w, z) is an (n,n — l)-form (onw) of class C°° onBxB outside 
its diagonal. 

In particular if ip is holomorphic on B then ip = V n (i/j). 
Moreover, IC N (w,z) satisfies the estimate 

(2.6) \}C N (w,z) AdiP(w)\ <K»_ n+l!n _ 1/2 (w,z)$(w), 

for any if) G C^B), where ip is defined as in (12. II) . 
Then, it is clear that, 

(2.7) \V N m < and \fC N (B^)\ < K»_ n+hn _ l/2 $). 

Remark 2.14. The above representation formula will be applied in a 
more general setting to functions ip = iff where if G G T ° k and either 
f G B* N , for N > 0, or f G H 1 , for N = 0. The validity of the 
formula for this class of functions is obtained by applying the dominated 
convergence theorem and Theorem \2.13\ to the functions ip r (z) = ip(rz). 

Lemma 2.15 ([6] Lemma 1.1]). 

Jib 

where t := n + N — M — 2L is the so-called type of the kernel JC 1 ^ L . 

Observe that from the above estimate we deduce that if IC 1 ^ L is a 
kernel of type 0, < 5 < N and^(z) = (l-\z\ 2 )- 5 , then £$ >L (V>) < V- 
As a consequence of that result and Schur's lemma we have: 

Lemma 2.16. If JC^ L is a kernel of type and < 5 < N, then JC^ L 
maps boundedly L p & to itself. 

By applying Holder's inequality we deduce the following pointwise 
estimate of the operators L , which will be often used in the forth- 
coming sections. 

Lemma 2.17. Let N > 0, r > ; p > 1 and < e < N + r. Then 

(£jiU«-i/ 2 (M)) p s ^JUdim 

In the next lemma we state some differentiation formulas for both 
operators V N and K, N . 

Lemma 2.18. Let N > 0, a G N n and k = \a\. 

(i) If if) G C k (M) L then d a V N (>ip)_= V N+k (d a ip)_. 

(ii) If ij) G C k+1 (M), then d a JC N {diP) = K N+k {dd a ^). 
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Proof. These results are well known (see, for instance, §5]). For 
the sake of completeness, we give a brief sketch of the proof. For 
iV > 0, (0) follows from the equation -^V N (w,z) = ■£ r V N+l {w,z) 

and integration by parts, while On]) is just a direct consequence of (12. 5 ft 
and (|). 

The case N = is deduced from the corresponding formulas for 
iV > by taking N\0. ■ 

Remark 2.19. The above differentiation formulas will be applied to 
functions ij) = ipf where ip G G^ k and f G B^°, s > 0. The validity 
of the formulas in this more general setting can be shown by applying 
Lemma l2.18\ to ip r {z) = ip(rz) and the dominated convergence theorem. 

Now we state some regularity properties related to the integral op- 
erator V . 

Proposition 2.20. 

(i) If < 5 < N and 1 < p < oo, then V N maps continuously L p 5 
in B p _ & . 

(ii) If N > 0, then V N maps continuously G T ® k in . 
(hi) If N = 0, then V maps continuously A r in B^° . 

Proof. The proof of (i) can be found in [HJ Theorem 2.10]. The proof 
of (ii) reduces to show that every ip G G T ° k satisfies 



\d k V N mz)\ = \V N+k (d k ^)(z)\ < K%5 +h Jl){z) < (1 - \z\ 



2\r-k 



which follows from Lemmas 12. 181 and 12.151 Assertion (iii) can be found 
in H21 § 6.4]. ■ 

Proposition 2.21. If (p E G T " k , then maps boundedly B\ N to 
itself, for N > 0, and H 1 to itself, forN = 0. 



Proof. The second assertion is a consequence of G T ° k C A T0 and 
Theorem 6.5.4], so let us prove the first one. Assume AT > 0. By 
Proposition ET1 <p G A To (B) , so \ip(w) -<p(z)\ < \w-z\ T ° < \l-wz\ To/2 . 
Then, since T?{f){z) = T^ {z) {f){z) + <p{z)f(z), we have that 

|7^(/)i<C + Ar- W2 ,o(l/l) + l/l- 

ByFubini's Theorem and LemmaES K+N-r /2,o(\f\)\\^ N < ll/lk- 
Therefore ||7^ v (/)||z,i < H/IU 1 ; an d the proof is complete. ■ 
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3. TOEPLITZ OPERATORS WITH SYMBOLS IN G T \ 

In this section we state a general theorem from which we will deduce 
the results stated in the introduction. The proof of this general theorem 
will be postponed to the next section. 

Observe that if the functions <p G G T ° k and / G B^ N , N > 0, satisfy 
the equation T^(f) = h G B^°, then, taking into account Remark 12.141 
formula (I2.5P gives that 

(3.8) <pf = )C N (fd<p) + h. 

Note that, by (J22D, 

and therefore by (12. 4p . fC N \fdp) is pointwise defined even if / G B\ Nq , 
for some N < Nq < N + tq. This fact and the inclusion H 1 C B\ N 
for any N Q > 0, allow us to unify the proofs of Theorems 11.41 and 11.51 
using the following result: 

Theorem 3.1. Let N > and let <p G G? k be such that y?(§). // 
< iVo < N + T , f G B\ No and h G B^° 'satisfy then f G B™ 

and\\f\\ B ~<\\f\\ BlNQ + \\h\\ B ~. 

Now we easily deduce Theorems 11.41 and 11.51 all at once: 

Theorem 3.2. Let p> G G% k be such that <£ <p(S). 

(i) If f E B l _ N and Tf{f) G B™ , for some N > 0, then f G B™ 
and \\f\\ B? > < \\f\\Bl N + IMb?- 

(ii) If f e H 1 and %\f) G B™ , then f G B™ and ||/|| fl » < 
ll/ll^ + INa?. 

Proof. As we pointed out at the beginning of the section, if Xf(f) = 
h G B^°, N > 0, then and / satisfy (13. 8p . Therefore (i) directly 
follows from Theorem 13. II (case iV > 0). By Proposition ^. 11 H 1 C Si t , 
for every t > 0, and, in particular, iJ 1 C B 1 _ Nq , for every < iV < r , 
so (ii) also follows from Theorem 13.11 (case N = 0). ■ 

As an immediate consequence of Theorem 13 .21 we obtain the following 
corollaries. 

Corollary 3.3. Let r > and assume that p satisfy that ^ p{&), 
and one of the following conditions: 

(i) n = 1 and <p G A T . 

(ii) n > 1, r > | and G A T . 

(iii) n>l,r< \ and p> G T r . 
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IffeH 1 and %{f) £ B™, then f £ B?. 

Proof. This is a consequence of Theorem 13.21 and Corollaries 12.91 and 
EZU ■ 

Corollary 3.4. Let ip £ G T ° k be such that £ <p(S). 

(i) IfN>OandfE B\ N satisfies that iff £ G T ° k + ker P^, ^en 

(ii) If f EH 1 satisfies that <pf £ + ker V, then f eB™. 

Proof. This is a consequence of Theorem 13.21 and Proposition I2.20( ii). 

■ 

Corollary 3.5. If tp £ G;° fc , tfien ker (7/ - AX) C B^, /or any A £ 

C\(p(S>) and N > 0. In particular, ker 7^ C _B£°, whenever ^ y(§). 

Proof. Since — XL = T^_ x , it directly follows from Theorem 13.21 ■ 

Remark 3.6. If the condition ^ </?(§) is omitted, then ker 7^ not 
necessarily contained in B^° . For n > 1, this result follows by taking 
ip(z) = Z\, and observing that ker contains any function in B\ N , 
if N > 0, (H 1 , if N = 0), which does not depend on the first variable. 
For n = 1 we may consider the symbol tp(z) = z m+1 (l — z) m+a and 
the function f(z) = (1 — z)~ a , where < a < 1 and m £ N such that 
m + a > t , which satisfy (p £ G T ° k and f £ ker \ B^° . 

Now we extend Corollary 13.31 

Theorem 3.7. Let r > and let (p £ A T be a non-vanishing function 
on S. If f e H 1 and %{f) £ B™ , then f eB™. 

Proof. If r > 1/2, the result is just a consequence of Corollary 12.91 and 
part (ii) of Theorem 13.21 

Now assume that r < 1/2. Since \w — z\ 2 < 2|1 — wz\, we have that 
A r C IV/2- And then Corollary 12.111 and part (ii) of Theorem 13.21 show 
that / £ B™ /2 . Thus \df(z)\ < (1 - |z| 2 ) t/2_1 , but we want to prove 
that \df(z)\ < (l-l^l 2 )"- 1 , or equivalents \<$>(z)df(z)\ < (l-^l 2 )^ 1 , 
$ being the harmonic extension of (p to B. (Recall that, since ^ (/?(§), 
there is < r < 1 so that |$(^)| ~ 1 for r < \z\ < 1.) 

In order to show the estimate note that |d$(,2)| < (1 — |2;| 2 ) r_1 , which 
implies that \&(z) — <&(«;) | < \z — w\ T < |1 — wz\ T ^ 2 , for z, w £ B. On 
the other hand, since / £ B™ 2 , djf £ B 1 ^ so djf = V 1 (djf) and 
therefore 

*{z)dif{z) = V\mz) - S)dif){z) + V\d^f)){z) - V'ifd^Kz). 
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By Lemma EUl V l {d j {^f)) = dj%f. Hence 

mz)d 3 f(z)\ < jc n ^_ T/2>0 (i)(z) + (i - \z\r- 1 + /c; +1>0 (i)(,), 

and then Lemma [2.151 shows that \&(z)djf(z)\ < (1 — |z| 2 ) r ~ 1 . ■ 

Since V maps A T to B%°, we deduce 

Corollary 3.8. If f <E H 1 and <p G A r satis/?/ ^ y?(S>) and (pf G 
A r + kerP, £/iera / eB™. 

Now we obtain Corollary 11.31 

Corollary 3.9. Iff,g G H 1 \ {0} safe/y ip = g/f G A r and £ ^(S), 
then f,g G _B£°. In particular, iff G if 1 \{0} and its argument function 
f/f is in A T , then /eB» 

Proof. Since %,(f) = V(g) = g(0) G _B£°, Theorem 13.71 shows that 
/ G 5^°. Therefore g = fip <E A T and hence o G ■ 

4. Proof of Theorem 13.11 

This section is devoted to the proof of Theorem 13.11 It is split- 
ted into three steps composed of several lemmas that will give succe- 
sive improvements on the regularity of the solutions to the equation 
7uf (/) = h. First we will show that any solution / to (13. 8p which is in 

-SijVo * s * n ^ ac ^ ^ n an y ^-t> ^ > 0- Then we will obtain that the solution 
is in B°? t for any t > 0, and finally we will deduce that it is in B™. 

Throughout this section we will assume that ip and h satisfy the 
hypotheses of Theorem 13.11 Since |y(C)| > p > on S, we can choose 
ro such that |<£>(V)| > p/2 > on the corona C = {z 6 1 : t~o < 
\z\ < 1 }. Let x be a real C°°-function on C n supported on the corona 
Co = { z G B : r < \z\ < 1 + r }, such that < x < 1 an d X = 1 011 
a neighborhood of §. Then (13. 8p shows that 

(4.9) f=Xjc"(fdv) + ^h + (l-x)f. 

The function (1 — x)f is a C°° function with compact support on B. 
X x 
It is easy to prove that — G GT? k , and so — h G G^° fc , by Proposition ^. 61 

cp cp 

Therefore (1 — x)f + ~h G G^ k and 

(4.10) ||(1 - X )f + lh\\ G?k < CV (\\f\\Bl No + \\h\\B-) 
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Hence, in order to prove that / G B^°, we have just to show that 

Step 1. The first couple of lemmas will show that / G B^_ t , for any 
t > 0. 

Lemma 4.1. Let f E B\ s , for some < s < N + tq, and assume it 
satisfies (13. 8p . 

(i) If s < Tq £/ien / G B_ t; /or even/ 1 > 0. 

(ii) Ifs>r then f G £i (s _ To) - 

Proof. First note that (12.71) shows that 

|£"(/ty>)| = I^WV))! < ^-n + l,n-i(i/l^)» 

and so 

(4.11) \K N {fdtp)\ < ||^||^/C^ +1)n _ 1/2 (i/|). 

By integrating and using Fubini's Theorem, for any t > we have that 

N / 



where 

g t (w) = (1 - M 2 )^"- 1 / ^_ n+1>n _ 1/2 (z,«;)^(z). 
Now Lemmas 12.151 and 12.41 show that 

(4.12) 9t {w) < (i - iht +to ~W(«o < a - n 2 r\ 

provided that s < t + r . (recall that s < N + r ). Therefore, if 

S < t + T , 

(4.13) H^Cf^oiUx < M GZ \\f\\ Ll , 

so, by g3D and fTCTOj) . f E B\ t . We conclude that: 

(i) If s < To then s < t + To and (14. 12j) holds for every t > 0, and hence 
/ G -Bi t , for every t > 0. 

(ii) If s > t then (14.121) holds for t = s — r , and consequently / G 
B 1 , v ■ 

-(S-To) 

Lemma 4.2. If f E B l _ N satisfies (13. 8p t/ien / G Si t; /or ei>en/ 1 > 0. 

Proof. For iVo < t the result follows directly from Lemma 14.11 (i). 
So assume that N > r . Let k be the greatest positive integer such 
that kr < N . Then kr < N < (k + l)r . Now, since / G B^_ No , 
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Lemma 0(ii) implies that / G 5i (iVo _ ro) , so / G B 1 _ [Nq __ 2to)} . .., so 
/ £ -Bi(TVo-fcTo)- But < A^ — A;r < r and therefore Lemma l4~T1 (i) 
shows that / G -Bi t , for every t > 0. ■ 

Remark 4.3. Observe that the above arguments, ( 14. 9 j) and ( 14.131) gwe 

m particular the estimate ||/||b1 ( ^ II/IIb 1 ^ + 

Step 2. The next couple of lemmas will show that the function / is 
in Bf t , for any t > 0. We follow the ideas in [?]. 

Lemma 4.4. Let f G S^. s; for some 1 < p < oo and /or ever?/ s > 0. 
/// satisfies (13.81) £/ien / G /or every s > and for every q such 
that p < q < oo and - — m < -. 

r i p n q 

Proof. If — t < — s < 0, then the space B p _ s C B v _ t . Consequently, we 
only have to prove the lemma, for s sufficiently small. Let p < q < oo 
and < e < N + r . Assume / satisfies (13.81) . Then, as we have shown 
in the proof of Lemma 14.11 (14. lip holds, and so Lemma 12.171 gives 

By Proposition Miii), B p _ s C £~_ n/p and \f(w)\ < \\f\\ B pJl ~ 
\w\ 2 )~ s ~p , which implies that 

i/Hi 9 = i/(«om/(«oi p < u/uga - n 2 ) ip - q)(s+ ^\f(w)r, 

and, by integrating, we get 

where N(e, s) = (N + r — e)q + (p — q) (s + = sp + (N — s)g + 

nq{^- l + ^j, M = Nq-n + 1 and L = n - 1/2. 
Therefore 

ll^(/^)|| L! < M\ G ^\\f\0h^ where J BfJ = II/C^I/HIIl- 

Thus we only have to prove that i| a < ||/||rp , for e, s > small 

enough and - — — < -, because then the previous estimate shows that 

\\JC N (f d^W^ < n |ML;oJ|/|| s *_ s and hence, by flM} and (ETD}, we 

conclude that / G B q _ s . In order to estimate J| s , first apply Fubini's 
Theorem to get 

/ l/Hra-klT^f f}CZ, L (z,w)du(z)) du(w), 
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and since n + sq — M — 2L = (s — N)q, then apply Lemma 12.151 to 
obtain 

I q e,s< [ \fHni-\w\Y^-\^(w)du^)- 

Jm 

Now we consider two cases: 

Case N = 0. Then (s - N)q = sq > so 

i?,s< [ ifwni - \w\yw- 1 d*{w) < \\f\\ p BP , 

Jm 

provided that N(e, s) > sp, which holds for e, s > small enough and 
- — - < — , since 

p q n 1 

hm (N(e, s) - sp) = nq{^ - (I - I)} > 0. 
Case N > 0. Let < s < N. Then (s - N)q < and so 



provided that N(e, s) + (s — N)q > sp, which holds for e > small 
enough and - — - < m , since 

° p q n ' 

iV(£, s) + (s - N)q - sp = nq{^ - (± - \)} > 0. 
And the proof is complete. ■ 



Lemma 4.5. Let / G B]_ s , for every s > 0. // / satisfies (13 .Sp i/ien 
/ G v3f° t; /or even/ t > 0. 

Proof. Let fc be the greatest positive integer such that kj 1 < 1. Then 
fc£< !<(* + !)£. Let 



1 J 2n 



Then p.- > 1, for 7 = 0, . . . , k, and ± = £l > a for 

■fj — Pj Pj-i ^ n Pi— 1 n 

j = 1, . . . , k. Now, since / G 73^° s , for every s > 0, and / satisfies (13. 81) . 
Lemma [4.41 shows that / G 5^ so / G -B^ 2 S , . . . , so / G -B^*, for every 
s > 0. But — — ^2- = 1 — (A; + 1)^- < and therefore Lemma S3 once 
again shows that / G B q _ s , for every q > p k and every s > 0. Since 
B q _ s C 5^ s _ s , by Proposition OJm]), we conclude that / G B°° t , for 
every £ > 0. ■ 



estimate ||/||b~ < ll/lls 1 , + ||^||b? 



Remark 4.6. Observe that the above arguments and ( 14.91) give i/ie 

» < 

-t ~ 
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Step 3. In what follows we will finally deduce that / G B™. 

Lemma 4.7. Let f G Bf t , for every t > 0. If f satisfies ( 13.81) then 
f G H°°. 

Proof. Since / satisfies (13. 8ft . ( 14.111) holds, as we have shown in the 
proof of Lemma 14.11 But 

and, by Lemma 1233 £^^(1) < c^-t < 1, for any < t < r . 

Therefore \\K N {fd<p) |U < |MIg;oJ|/|| b ~ , and, by Q3D and flUO} 
/ G if 00 . ■ 

In order to prove that / G B™, we will use the following formula. 

Lemma 4.8. Let N > 0, <p G G T T \ and f G H°° . Then 

(4.14) <pd a f = d a P N (iff)- c a!(j V N+k (d^dpf)+lC N+k (d<pd a f), 

\P\<k 

for every a G W 1 , where k = \a\ and c a> p = al/^l^l). 

Proof. First assume that <p G C k (M) and / G_#(l). By Theorem [2H 
we have that V d a f = V N+k (<pd a f) + )C N+k (d(pd a f). Moreover, 

yd a f = d a ((pf) - ^2 c a,^<pd p f, 

/3+7=a 
\P\<k 

and Lemma [2A81 shows that V N+k (d a ((pf)) = d a V N ((pf). Hence we 
obtain (Oil . 

By a standard approximation argument (based on the dominated 
convergence theorem), we deduce the general case from the regular 
case just proved above. ■ 

Lemma 4.9. 

(i) If f eH°° satisfies <KEty . then for every < t < r , f G S t °°. 

(ii) Le£ / G /or some < s < r. /// satisfies (I3.8p . t/ien /or 
ever?/ < £ < min(r, s + To), / G -B t °°. 

Proof. Let / and i be as in either (i) or (ii), and assume / satisfies (13. 8p . 
Let fceZ and a G N n such that \a\ — k > r. We want to prove that 
\d a f(z)\<(l-\z\ 2 y- k . Since 

(4.15) \d a f\ < \\xM\oo \<pd a f\ + (1 - X )\d a f\, 
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we only need to estimate \<pd a f\. 

Lemma (JE3D and (J277]) show that 

(4.16) \<pd*f\ < \0 a h\ + K%* +hja (F a ) + ^tn + l,n-^f\^ 

where F a = \9y(f\- Note that we only need to prove that 

/3+7=a 
\P\<k 

\d a f(wmw)<(l-\w\ 2 y- k and F a (w)<(l-\w\ 2 y- k , 
because then (14.161) and Lemma 12.151 show that 

\W)(z)\ < |s«/»(z)| + /c^^ lf ^(i)(«)+x:^ +ikf0 (i)(z) 

< LU t _ k (z)+U T ^(z) = (l-\z\ 2 y- k , 

and therefore, by (14.151) . we conclude that \d a f(z)\ < (1 — \z\ 2 y~ k . 

(i) Let / G H°°. Then |6^/(w)| < ||/|U(1 - H 2 ) H/?I > for every multi- 
index 0. So 

\daf(wMw) < y\y 0k \\f\ui-\w\ 2 r- k < y\y u/iui-mt*. 

T,K T,K 

for every t G M such that t < tq. Next Lemma [2.41 shows that 

fc-i 

F a (w) < ll^ll^oJI/IU^Cl " IHTV-*+^) 

i=0 

< \\m\\„Tn ii fii.n - i7/,i 2 v- fe 



|^.J|/IUi-H a ) 

for every t G M such that t < 1 and t < t. 

(ii) Let / G for some < s < r. Then < \\f\\ Br tu^ m (z), 

for every multiindex /3, so Lemma [2.41 gives that 

\d a f(wMw) < 11/11^11^11^(1 - \w\ 2 y^- k 
< 11/11^-11^(1- H 2 )*-*, 

for every i G 1 such that t<s + To<s + l, and Lemma 12.51 shows 
that 

F a (w) < y\\ Gl oj\f\\ B ~s s k : hk (w) 

< |M| G; oj/iM^+i-*M + (i - NT"*} 

< h\\c%ji\f\\B-{i-\w\ 2 r- k , 

for every t G M such that t < s + 1 and t < r. ■ 
Lemma 4.10. // / G H°° satisfies (J3HD then f G B™. 
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Proof. Let / G H 00 . If r = To there is nothing to prove by Lemma 14.91 
(i). So assume that r < r, and let k > 1 be the greatest integer such 
that A;r < r. Since / G if 00 , Lemma S3] (i) shows that / G 
and then Lemma [4791 (ii) implies that / G -B^, so / G -B^, ••• , so 
/ G S^ o , and hence / G 5^°. ""' '"" ■ 

Remark 4.11. Observe that the above arguments and (14. 9p give the 
estimate ||/||b°° < + INIbs°- 



Remark 4.12. The remarks \4 ■ 3[ \4-6\ and 4. 11 show that 



iVoie i/iai £/ie opposite estimate is always fulfilled. This follows from 
the continuous embedding C B-n > an< ^ ^ e estimate \^i\[b°° < 



1 7^ llll./ IU/ 



JV I 

Therefore 

" 11/11^ „ + INIbs». 
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